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Abstract
We introduce and study deformation T~β,φ of Minkowski norms in R
n, determined by a
set ~β = (β1, . . . , βp) of linearly independent 1-forms and a smooth positive function φ of p
variables. In particular, the T~β,φ-image of a Euclidean norm α is a Minkowski norm, whose
indicatrix is a rotation hypersurface with a p-dimensional axis passing through the origin.
For p = 1, our deformation generalizes construction of (α, β)-norm; the last ones form a rich
class of “computable” Minkowski norms and play an important role in Finsler geometry. We use
compositions of T~β,φ-deformations with
~β’s of length p to define an equivalence relation
p∼ on
the set of all Minkowski norms in Rn. We apply M. Matsumoto result to characterize the
cases when the Cartan torsions of a norm and its T~β,φ-image either coincide or differ by a
C-reducible term.
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Introduction
In the paper we introduce and study deformations T~β,φ of Minkowski norms in R
n, determined
by a sequence ~β = (β1, . . . , βp) of linearly independent 1-forms βi and a positive function φ of
p variables. In particular, T~β,φ(α) (the images of Euclidean norm α) are (α,
~β)-norms [3], whose
indicatrix is a rotation hypersurface with a p-dimensional axis passing through the origin. For p =
1, our deformations Tβ,φ generalize construction [4] of (α, β)-norms, which form a rich class of
“computable” Minkowski norms and play an important role in differential geometry. We expect
that our T~β,φ-deformations will also find many applications as in Minkowski Geometry [5] so in
Finsler Geometry [4]. Our question is about mapping between two pairs (Bi, qi) (i = 1, 2), Bi
being a convex body and qi – a point of the interior of Bi. When (B1, q1) can be T~β,φ-mapped by
one-step or a sequence of deformations onto (B2, q2)?
More exactly, we pose the following Problem. Consider the space Cpt(Rn) (n ≥ 2) of compact
pointed subsets of Rn equipped with the Hausdorff distance dH . Given two compact convex bodies
B (e.g. a ball) and B′ and points O ∈ B and O′ ∈ B′ in Rn, can one approximate (in Cpt(Rn))
B′ by the unit ball B¯ = {F¯ = 1} of a Minkowski norm F¯ having origin O¯ close to O′ and being
equivalent (in the sense of Definition 4 with either p = 1 or arbitrary p) to the norm F of origin
O and B = {F = 1}. That is, given ǫ > 0, can one find F¯ as above for which dH(B′, B¯) < ǫ and
max{F (O′−O¯), F (O¯−O′)} < ǫ. If not, can one do something like that with the Gromov-Hausdorff
distance dGH (see [1]) replacing dH?
In the paper, we define (using compositions of T~β,φ-deformations with
~β’s of length ≤ p) and
study an equivalence relation
p∼ on the set of all Minkowski norms in Rn. We show that any
axisymmetric convex body B in R2 can be moved to a unit disc by Tβ,φ-deformation, but we have
no example of Minkowski norm in R2 nonequivalent
1∼ to Euclidean norm. We prove that any
ellipsoid in R3 can be deformed to a sphere in a finite number of steps with Tβ,φ-deformations, but
we cannot say the same for a general convex body in R3 with a plane of symmetry. Answers to
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the above questions will require a thorough study of Cartan torsion. In the paper, we characterize
the cases when the Cartan torsions of the Minkowski norm F and its image F¯ = T~β,φ(F ) coincide
or their difference is a C-reducible term.
1 Construction
Recall that a Minkowski norm on a vector space Rn (n > 1) is a function F : Rn → [0,∞) with
the properties of regularity, positive 1-homogeneity and strong convexity, see [4]:
M1 : F ∈ C∞(Rn \ {0}),
M2 : F (λ y) = λF (y) for λ > 0 and y ∈ Rn,
M3 : For any y ∈ Rn \ {0}, the following symmetric bilinear form is positive definite:
gy(u, v) =
1
2
∂2
∂s ∂t
[
F 2(y + su+ tv)
]
| s=t=0
, u, v ∈ Rn. (1)
By M2–M3, gλy = gy (λ > 0) and gy(y, y) = F
2(y). As a result of M3, the indicatrix S := {y ∈
R
n : F (y) = 1} is a closed, convex smooth hypersurface that surrounds the origin.
The following symmetric trilinear form is called the Cartan torsion for F :
Cy(u, v, w) =
1
4
∂3
∂r ∂s ∂t
[
F 2(y + ru+ sv + tw)
]
| r=s=t=0
, u, v, w ∈ Rn, (2)
where y 6= 0. Note that Cy(u, v, y) = 0 and Cλy = λ−1Cy for λ > 0 . A 1-form Iy(u) =
Trgy Cy(u, · , ·), is called the mean Cartan torsion, its vanishing characterizes Euclidean norm
among all Minkowski norms, e.g. [4]. In coordinates, we have
Cijk =
1
4
[F 2]yiyjyk =
1
2
∂gij
∂yk
, gij =
1
2
[F 2]yiyj , Ck = Cijkg
ij ,
where Ck are components of the mean Cartan torsion. The angular metric tensor of F ,
Ky(u, v) = gy(u, v)− gy(y, u) gy(y, v)/F 2(y),
in coordinates has the view Kij = F · Fyiyj = gij − gip ypgiq yq/F 2.
A Minkowski norm F is called semi-C-reducible, if its Cartan torsion has the form [4]
Cijk =
p
n+ 1
(
KijCk +KjkCi +KkiCj
)
+ ε
1− p
C2
CiCjCk, (3)
where p ∈ R, and
ε(C)2 = gijCiCj 6= 0.
F in Rn (n ≥ 3) is called C-reducible, if its Cartan torsion has the form of (3) with p = 1,
Cijk =
1
n+ 1
(
KijCk +KjkCi +KkiCj
)
.
By [2, Proposition 5], any (α, β)-norm, F = αφ(β/α), with nonzero mean Cartan torsion is semi-
C-reducible. In dimension greater than two, any C-reducible Minkowski norm has the Randers
(φ = 1 + s) or the Kropina (φ = 1/s) type, see [4, Theorem 2.2 (M. Matsumoto)] and Remark 3.
1.1 General case
Here, we define deformation of Minkowski norms by using a sequence of p linearly independent
1-forms in Rn and a positive function of p variables.
Definition 1. Let F be a Minkowski norm on Rn, φ :
∏ p
i=1[−δi, δi] → (0,∞) a smooth positive
function for some p ≤ n and ~β = (β1, . . . , βp) a sequence of linearly independent 1-forms on Rn of
the norm F (βi) < δi. Then, the T~β,φ-deformation of F (or, of convex body defined by {F ≤ 1}) is
the following mapping:
T~β,φ : F 7→ F · φ(s), s = (s1, . . . , sp), si = βi/F. (4)
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The image T~β,φ(α) of a Euclidean norm α is called (α,
~β)-norm, see [3], its indicatrix is a rotation
hypersurface in Rn with the p-dimensional axis span{β♯1, . . . , β♯p}. For p = 1 (and β1 = β), (4)
defines the Tβ,φ-transformation, see Section 1.2 and Example 1 below. By direct calculation we get
Proposition 1. The composition T~β,φ2 ◦ T~β,φ1 with the same ~β has the form T~β,φ, where
φ = φ1(s)φ2(s/φ1(s)).
Define real functions of variables (s1, . . . , sp):
ρ = φ
(
φ−
∑
i
siφ˙i
)
, ρij0 = φ φ¨ij + φ˙iφ˙j, ρ
i
1 = φ φ˙i −
∑
j
sj
(
φ φ¨ij + φ˙i φ˙j
)
, (5)
where φ˙i =
∂φ
∂si
, φ¨ij =
∂2φ
∂si∂sj
, etc. Note that the following relations hold:
ρ˙i = ρ
i
1, ρ¨ij = (ρ
i
1)
′
j = −sk(ρik0 )′j,
and if si = 0 (1 ≤ i ≤ p) then ρ = 1, ρi1 = 0 and ρij0 = 0.
Example 1. If F is the Euclidean norm α(y) = 〈y, y〉1/2 then Tβ,φ(α) is an (α, β)-norm, see [4].
Some progress was achieved for particular cases of (α, β)-norms, e.g. Randers norm α + β, in-
troduced by a physicist G.Randers to study the unified field theory; Kropina norm α2/β, first
introduced by L.Berwald in connection with a Finsler plane with rectilinear extremal, and investi-
gated by V.K.Kropina; slope norm α
2
α−β , introduced by M. Matsumoto to study the time it takes to
negotiate any given path on a hillside. These can be viewed as images of α under Tβ,φ-deformations
(for p = 1). We define similarly particular Tβ,φ-deformations of Minkowski norms in R
n.
(i) The Randers deformation appears for F¯ = F +β with F (β) < 1, i.e., φ(s) = 1+s. We have
ρ = 1 + s, ρ0 = ρ1 = 1.
(ii) Generalized Kropina deformations appear for F¯ = F l+1/βl (l > 0), i.e., φ(s) = 1/sl (s > 0).
For l = 1 we get the Kropina deformation. Then ρ = 2/s2, ρ0 = 3/s
4, ρ1 = −4/s3.
(iii) The slope-deformation appears for F¯ = F
2
F−β with F (β) < 1, i.e., φ(s) =
1
1−s . We have
ρ = 1−2s
(1−s)3
, ρ0 =
3
(1−s)4
and ρ1 =
1−4s
(1−s)4
.
(iv) The quadratic deformation appears for F¯ = (F+β)2/F with F (β) < 1, i.e., φ(s) = (1+s)2.
We have ρ = (1− s)(1 + s)3, ρ0 = 6(1 + s)2 and ρ1 = 2(1 − 2s)(1 + s)2.
Note that Kropina and slope norms are not Minkowski norms: their F ’s are not defined on
the whole Rn \ {0} (have singularities) and their gy’s are not positive definite. Figure 1 shows
quadratic deformation of indicatrix of m-root norm F = ((y1)m+(y2)m)1/m in R2 for m = 2, . . . , 8
and two cases: a) 0.3 dy2, and b) 0.3(dy1 + dy2) of β.
Figure 1: Indicatrix of m-root norm in R2 after quadratic deformation.
Assume in the paper that ρ > 0, i.e.,
φ−
∑
i
siφ˙i > 0, (6)
otherwise metric in (7) is not positive for small si. Set p˜y = ρ
i
1pyi, where pyi = β
♯y
i − siy/F (y).
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Theorem 1. Let F¯ = T~β,φ(F ), then the bilinear forms, see (1), are related as
g¯y(u, v) = ρ gy(u, v) + ρ
ij
0 βi(u)βj(v)
+ ρi1(βi(u)gy(y, v) + βi(v)gy(y, u))/F (y) − ρi1βi(y)gy(y, u) gy(y, v)/F 3(y). (7)
The Cartan torsions of F¯ and F , see (2), are related as
2 C¯y(u, v, w) = 2 ρCy(u, v, w)
+
(
Ky(u, v)gy(p˜y, w) +Ky(v,w)gy(p˜y, u) +Ky(w, u)gy(p˜y, v)
)
/F (y)
+
∑
i,j,k
(φ˙iφ¨jk + φ˙jφ¨ik + φ˙kφ¨ij + φ
...
φ ijk) gy(pyi, u) gy(pyj , v) gy(pyk, w)/F (y). (8)
Proof. From (1) and (4) we find
g¯y(u, v) = [F¯
2/2]FKy(u, v)/F (y) + [F¯
2/2]FF gy(y, u) gy(y, v)/F
2(y)
+
∑
i
([F¯ 2/2]Fβi/F (y))
(
gy(y, u)βi(v) + gy(y, v)βi(u)
)
+
∑
i,j
[F¯ 2/2]βiβj βi(u)βj(v). (9)
Calculating derivatives of 12 F¯
2 = 12 F
2φ2(β1/F, . . . , βp/F ),
[F¯ 2/2]F = Fρ, [F¯
2/2]βi = Fφ φ˙i, [F¯
2/2]Fβi = ρ
i
1, [F¯
2/2]βiβj = ρ
ij
0 ,
[F¯ 2/2]FF = ρ+ (
∑
i
si φ˙i)
2 + φ
∑
i,j
si sj φ¨ij (10)
and comparing (7) and (9), completes the proof of (7). Recall that if H(z1, . . . , zq) is a positively
homogeneous of degree r function then Hzk z
k = rH. The 0-homogeneity of [F¯ 2/2]µ ν in variables
F, {βk} yields
[F¯ 2/2]Fµ ν F +
∑
k
[F¯ 2/2]βkµν βk = 0
for µ, ν ∈ {F, β1, . . . , βp}; hence,
[F¯ 2/2]Fβiβj = −
∑
k
(βk/F ) [F¯
2/2]βiβjβk ,
[F¯ 2/2]FFβi =
∑
j,k
(βj/F )(βk/F ) [F¯
2/2]βiβjβk ,
[F¯ 2/2]FFF = −
∑
i,j,k
(βi/F )(βj/F )(βk/F ) [F¯
2/2]βiβjβk .
Using this, we calculate the Cartan torsion (2) after T~β,φ -deformation as
2 C¯y(u, v, w) = 2 ρCy(u, v, w)
+
∑
i
[F¯ 2/2]Fβi
(
Ky(u, v)gy(pyi, w) +Ky(v,w)gy(pyi, u) +Ky(w, u)gy(pyi, v)
)
/F (y)
+
∑
i,j,k
[F¯ 2/2]βiβjβk gy(pyi, u) gy(pyj , v) gy(pyk, w). (11)
Next, using equalities (10), we obtain
[F¯ 2/2]βiβjβk =
(
φ˙i φ¨jk + φ˙j φ¨ik + φ˙k φ¨ij + φ
...
φ ijk
)
/F (y).
The above, and comparing (11) and (8) completes the proof of (8).
Remark 1. By (7), g¯y of T~β,φ -deformation F¯ can be viewed as a perturbed metric gy of F .
The second line term on the RHS of (8) is the symmetric product of the 2-tensor Ky/F (y) and the
1-form ι p˜ygy while the third line term is a linear combination of symmetric products of 1-forms
ι pyigy (i = 1, . . . , p). Therefore, the difference C¯y − ρCy is semi-C-reducible when p = 1 (see also
[4]), but in general is not when p > 1.
Proposition 2. Let φ be a smooth positive function of class C 2 defined in a neighborhood of the
origin O of Rp. Then there exists δ > 0 such that (6) holds and for any Minkowski norm F and
arbitrary 1-forms β1, . . . , βp of F -norm less than δ; then (4) determines the Minkowski norm F¯ .
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Proof. The formula (7) shows that the inner products g¯y for y ∈ F−1(1) depend uniformly on the
1-forms βi (i = 1, . . . , p). For β1 = . . . = βp = 0, g¯y = ρ gy is positive definite. Compactness of the
F -unit sphere implies the statement.
We restrict ourselves to regular T~β,φ -deformations alone, i.e., det g¯y 6= 0 (y 6= 0). By (7),
g¯y(u, v) = ρ gy(u, v) + (ρ
ij
0 + ε
−1ρi1ρ
j
1)βi(u)βj(v)− ε gy(Y˜ , u) gy(Y˜ , v), (12)
where
Y˜ = ε−1ρi1β
♯,y
i − y/F (y), ε = sjρj1. (13)
The volume forms of metrics g¯y and gy for y 6= 0 are
d volgy(e1, . . . , en) =
√
det gy(ei, ej), d volg¯y(e1, . . . , en) =
√
det g¯y(ei, ej),
where {e1, . . . , en} is a basis of Rn. Then d volg¯y = σy d volgy for some function σy > 0. Define
vectors β˜k = q
i
kβi (k ≤ p), where qk = (q1k, . . . , qpk) ∈ Rp are unit eigenvectors with eigenvalues λk
of the matrix {ρij0 + ε−1ρi1ρj1}. Then (12) takes the form, which can be used to find σy:
g¯y(u, v) = ρ gy(u, v) +
∑
i
λi β˜i(u) β˜i(v)− ε gy(Y˜ , u) gy(Y˜ , v).
Example 2. For p = 2, using b˜ij = gy(β˜i, β˜j), β˜i = q
1
i β1 + q
2
i β2 and ε = ρ
1
1s1 + ρ
2
1s2, we get
σy = ρ
n−1
(
ρ2 + ρ(λ1b˜11 + λ
2b˜22)− ρ εgy(Y˜ , Y˜ ) + λ1λ2(b˜11b˜22 − b˜212)
− εgy(Y˜ , Y˜ )(λ1b˜11 + λ2b˜22) + λ1εgy(β˜1, Y˜ ) + λ2εgy(β˜2, Y˜ ) + λ1λ2 ε/ρ
[
b˜11gy(β˜2, Y˜ )
2
+ b˜22gy(β˜1, Y˜ )
2 + b˜12gy(Y˜ , Y˜ )
2 − b˜11b˜22gy(Y˜ , Y˜ )− 2b˜12gy(β˜1, Y˜ ) gy(β˜2, Y˜ )
])
.
A special case of T~β,φ -deformation for p = 2 is a shifted Tφ,β1-deformation F¯ = Fφ(β1/F ) + β2.
(a) For a shifted Kropina deformation F¯ = F 2/β1 + β2, we get
ρ = (2 + s1)(1 + s1 + s1s2)/s
2
1, ρ
1
1 = −(4 + 3s1 + 2s1s2)/s31, ρ21 = (2 + s1)/s1,
ρ110 = (3 + 2s1 + 2s1s2)/s
4
1, ρ
12
0 = ρ
21
0 = −1/s21, ρ220 = 1.
(b) For a shifted slope deformation F¯ = F 2/(F − β1) + β2, we have
ρ =
(1− 2s1)(1 + s2 − s1s2)
(1− s1)3 , ρ
1
1 =
1 + 2s1(s1s2 − s2 − 2)
(1− s1)4 , ρ
2
1 =
1− 2s1
(1− s1)2 ,
ρ110 = (3− 2s1s2 + 2s2)/(1− s1)4, ρ120 = ρ210 = 1/(1 − s1)2, ρ220 = 1.
Figure 2 shows the image of (y1)4+(y2)4+(y3)4 = 1 in R3 for a) quadratic deformation with p = 1
and β = 0.3 dy3, b) shifted quadratic deformation with p = 2 and β1 = 0.3 dy
2, β2 = 0.3 dy
3.
Definition 2. Let G be a subgroup of GL(n,R). Then a Minkowski norm F on Rn is called
G-invariant if the following holds for some affine coordinates (y1, . . . , yn) of Rn:
F (y1, . . . , yn) = F (f(y1, . . . , yn)), y ∈ Rn, f ∈ G.
Proposition 3 (see [3]). A Minkowski norm F on Rn is G-invariant, where
G =
{(C 0
0 idp
)
, C ∈ O(n− p,R)
}
,
if and only if there exist linear independent 1-forms βi (1 ≤ i ≤ p), for which F is (α, ~β)-norm.
Using Proposition 3, we can prove the following.
Corollary 1. Let F and F¯ = T~β,φ(F ) be Minkowski norms in R
n, where ~β = (β1, . . . , βp) and φ is
a function of p < n variables. Suppose that F is an (α, β)-norm with 1-form β = βp+1 transverse
to span{β1, . . . , βp}. Then F¯ = T~β,ψ(α), where ~β = (β1, . . . , βp+1), ψ is a function of p+1 variables
and α is a Euclidean norm.
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Figure 2: Indicatrix of m-root norm in R3 after shifted quadratic deformation.
1.2 Case of p = 1
Here, we illustrate and clarify some results about our transformations of Minkowski norms for the
case p = 1. By Proposition 3 for p = 1 and n = 2, any axisymmetric convex body B in R2 (for
example, indicatrix of an m-root norm) can be moved to a unit disc by Tβ,φ-deformation.
The next lemma is used to compute the volume forms, it extends the Silvester’s determinant
identity det(idn+C1P
t
1) = 1 + C
t
1P1, where C1, P1 are n-vectors (columns).
Lemma 1. Given real c1, c2, vectors b
1, b2 in Rn, and reversible symmetric n×n matrix aij, define
matrices Aij = aij + c1b
1
i b
1
j and gij = aij + c1b
1
i b
1
j + c2b
2
i b
2
j . Then
det[Aij ] = det[aij ](1 + c1|b1|2a),
det[gij ] = det[aij ] · [(1 + c1|b1|2a)(1 + c2|b2|2a)− c1c2〈b1, b2〉2a].
Proof. The first claim is straightforward, [4, Lemma 4.1]. If 1+ c1|b1|2a 6= 0 then the inverse matrix
Akl = akl − c1
1+c1|b1|2a
b1kb
1
l exists. For any vectors u, v we get
〈u, v〉A = Aklukvl =
(
akl − c1b
1kb1l
1 + c1|b1|2a
)
ukvl = 〈u, v〉a − c1
1 + c1|b1|2a
〈b1, u〉a〈b1, v〉a.
Hence,
|b2|2A = Aklb2kb2l = |b2|2a −
c1
1 + c1|b1|2a
〈b1, b2〉2a.
Using the first claim, we get det[gij ]= det[Aij ](1+c2|b2|2A). The above yields the second claim. 
We will specify Proposition 2 for p = 1 (and generalize [4, Lemma 2], that is for F = α).
Proposition 4. The function F¯ = Fφ(s), where s = β/F , is a Minkowski norm for any Minkowski
norm F and a 1-form β on Rn with F (β) < b0, if and only if the function φ : (−b0, b0)→ R satisfies
φ(s) > 0, φ(s)− s φ˙(s) + (b2 − s2) φ¨(s) > 0, (14)
where s and b are arbitrary real numbers with |s| ≤ b < b0.
Proof. Assume that (14) is satisfied. Taking s→ b in (14), we see that
φ− s φ˙ > 0 (15)
for any s with |s| < b0. Consider the following families of functions and metrics:
φt(s) := 1− t+ tφ(s), F¯t = Fφt(β/F ), g¯ ty : g¯ tij = (1/2)[F¯ 2t ]yi yj .
Note that for any t ∈ [0, 1] and any s, b with |s| ≤ b < b0,
φt − sφ˙t = 1− t+ t(φ− sφ˙) > 0,
φt − sφ˙t + (b2 − s2) φ¨t = 1− t+ t{φ− sφ˙+ (b2 − s2) φ¨} > 0.
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By Lemma 1, for F¯t = Fφt(β/F ) we find a formula (as in the case of F = α, see [4])
det g¯ ty = φ
n+1
t (φt − s φ˙t)n−2[φt − s φ˙t + (b2 − s2) φ¨t] det gy.
Thus, det g¯ ty > 0 for all t ∈ [0, 1], see also (19) in what follows. Since g¯ 0y = gy is positive definite,
then g¯ ty is positive definite for any t ∈ [0, 1]. Hence, F¯t is a Minkowski norm for any t ∈ [0, 1]. In
particular, F¯ = F¯1 is a Minkowski norm.
Conversely, assume that F¯ = Fφ(β/F ) is a Minkowski norm for any Minkowski norm F and
1-form β with b := F (β) < b0. Then φ(s) > 0 for any s with |s| < b0. If n is even, then det g¯y > 0
implies that (14) holds for any s with |s| ≤ b. If n > 1 is odd, then det g¯y > 0 implies that the
inequality φ(s)− sφ˙(s) 6= 0 holds for any s with |s| ≤ b.
Since φ(0) > 0, the above inequality implies that (15) holds for any s with |s| < b. Since b
with 0 ≤ b ≤ b0 is arbitrary, we conclude that (15) holds for any s with |s| < b0. Finally, we can
see that det g¯y > 0 implies that (14) holds for any s and b with |s| ≤ b < b0. 
Definition 3 (see Definition 1 for p = 1). Given a smooth positive function φ : (−b0, b0) → R
satisfying (14) and a 1-form β on Rn, the Tβ,φ-deformation of a Minkowski norm F on R
n is the
Minkowski norm F¯ = Fφ(β/F ). Functions (5) for p = 1 become functions of one variable s = β/F ,
defined by the same formulas as for (α, β)-norm in [4]:
ρ = φ(φ− s φ˙), ρ0 = φ φ¨+ φ˙2, ρ1 = φ φ˙− s(φ φ¨+ φ˙2).
In a similar way, one can define Tβ,φ-deformation of a convex body in R
n given by {F ≤ 1}.
Put py = β
♯y − sy/F (y), where β♯y is defined by equality gy(β♯y , u) = β(u).
Formulas (7) and (8) for p = 1, i.e., F¯ = Fφ(β/F ), generalize result on (α, β)-norm in [4]:
g¯y(u, v) = ρ gy(u, v) + ρ0β(u)β(v) + ρ1(β(u)gy(y, v) + β(v)gy(y, u))/F (y)
− ρ1β(y)gy(y, u) gy(y, v)/F 3(y), (16)
2 C¯y(u, v, w) = 2 ρCy(u, v, w) + (3φ˙ φ¨+ φ
...
φ )gy(py, u) gy(py, v) gy(py, w)/F (y)
+ ρ1
(
Ky(u, v)gy(py, w) +Ky(v,w)gy(py, u) +Ky(w, u)gy(py, v)
)
/F (y). (17)
By (17), Tβ,φ-deformation changes Cartan torsion adding a semi-C-reducible component.
Set Y˜ = s−1py = s
−1β♯y − y/F (y) and ε = sρ1, see (13). Then (16) takes the equivalent form
g¯y(u, v) = ρ gy(u, v) + (ρ0 + ρ
2
1/ε)β(u)β(v) − ε gy(Y˜ , u) gy(Y˜ , v). (18)
From (18) and Lemma 1 we get the relation for the volume form d volg¯y = σy d volgy :
σy = ρ
n−2(ρ0ρ1s
3 + ρ21s
2 + (ρ− ρ0b2)ρ1s+ (ρρ0 − ρ21)b2 + ρ2)
= φn+1(φ− s φ˙)n−2[φ− s φ˙+ (b2 − s2) φ¨ ]. (19)
Example 3. Let the indicatrix of Minkowski norm F¯ in (Rn, α) be a unit sphere shifted by vector
d1e1 with |d1| < 1. Then F¯ has (α, β)-type. Indeed, assuming F¯ = αφ(β/α), we get
(∑n
i=1
y2i
)1/2
φ
(
d y1/
(∑n
i=1
y2i
)1/2 )
=
(
(y1 − d)2 +
∑n
i=2
y2i
)1/2
,
where β(y) = d y1. Put s = d y1/(
∑
i y
2
i )
1/2. Assuming (y1 − d)2 +
∑n
i=2 y
2
i = 1, we get d y1 =
s(s+(s2+1−d2)1/2). Then we find φ(s) = 1/(s+(s2+1−d2)1/2). Similar result F¯ = F φ(β/F ) we
get for F = (y21+ψ
2(y2, . . . , yn))
1/2 with arbitrary function ψ, see Fig. 3 for n = 2 and ψ(y2) = y
4
2 .
Proposition 5. Let a Minkowski norm F in Rn can be deformed to the Euclidean norm α in
p < n steps of Tβ,φ-deformations with p linearly independent 1-forms. Then indicatrix of F has a
p-dimensional axis of rotation.
Proof. By conditions and Theorem 2, Euclidean norm α can be deformed to F in p < n− 1 steps
(of Tβ,φ-deformations). After the first step, the indicatrix has 1-dimensional axis of rotation, and
each step increases the dimension of axis by one. 
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Figure 3: Indicatrix of F¯ in R2 by de1-shift for 10d = 0, . . . , 9.
2 The equivalence relation for Minkowski norms
We use compositions of T~β,φ-deformations (e.g. for p = 1) to define and study an “equivalence
relation” on the set of all Minkowski norms in Rn.
2.1 General case
The following theorem shows that our deformations are invertible with the same structure.
Theorem 2. For any T~β,φ-deformation of F to F¯ (Minkowski norms in R
n) satisfying (6) there
exists inverse T~β,ψ-deformation of F¯ to F (with the same
~β) satisfying ψ −∑i ti ψ˙i > 0. In
particular, any (α, ~β)-norm can be T~β,φ-deformed in one step to Euclidean norm α.
Proof. Let F¯ = Fφ(~β/F ) be our deformation, where φ : Π→ (0,∞) obeys (6). We are looking for
inverse T~β,ψ-deformation (whose image of F¯ is F , i.e., F = F¯ψ(
~β/F¯ )). Thus, ψ
(
s/φ(s)
)
= 1/φ(s),
where s = ~β/F . The mapping Φ(s) = s/φ(s) moves points along the rays through the origin. To
show that Φ(λ s) is monotone in λ, we calculate the derivative
d
dλ
Φ((1 + λ)s/φ((1 + λ)s))|λ=0 = (φ−
∑
i
si φ˙i)/φ
2
(6)
> 0.
Hence, there exists mapping Φ−1 and the function ψ(t) = 1/φ ◦ Φ−1(t) is uniquely defined on
a certain domain. The mapping Ψ(t) = t/ψ(t) moves points along the rays through the origin.
Observe that Ψ(λ t) is monotone in λ, and has positive derivative,
0 <
d
dλ
Ψ((1 + λ)t/ψ((1 + λ)t))|λ=0 = (ψ −
∑
i
ti ψ˙i)/ψ
2.
Hence, condition (6) is satisfied for ψ of t = ~β/F¯ . 
Definition 4. We write F¯
p∼ F for Minkowski norms in Rn and p ≤ n if there are T~βi,φi-
deformations (i ≤ m) with ~βi of length ≤ p such that F1 = Fφ1( ~β
1
F ), . . . , F¯ = Fm−1φm(
~βm
Fm−1
). Set
[F ]p = {F¯ ∈ Minkn : F¯ p∼ F}.
Proposition 6. The relation F¯
p∼ F is an equivalence relation on the set of Minkowski norms.
Proof. By Theorem 2, the relation
p∼ is reflexive, symmetric and transitive. 
Remark 2. One may apply the equivalence relation
p∼ of Minkowski norms to Finsler metrics.
For two Finsler metrics on M , we write F
p∼ F ′, if Fx p∼ F ′x for all x ∈M .
Proposition 7. The class [α]p on (R
n, α) is invariant under “rotations” (by orthogonal matrices)
and homotheties.
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Proof. For φ ≡ λ ∈ R+ we obtain F¯ = λF ; thus, λF p∼ F for any positive λ. If F¯ is the image of
F under T~β,φ-deformation, then λ F¯ is the image of λF under Tλ ~β,φ-deformation.
Let A ∈ O(n) be an orthogonal matrix. If
F1 = αφ1((β1, . . . , βp)/α), F¯1 = αφ1((β¯1, . . . , β¯p)/α),
where β¯i = βi ◦ A, then F¯1(y) = F1(A(y)) for all y. Similarly, for a set of transformations. 
Theorem 3. Let F and F¯ = T~β,φ(F ) be Minkowski norms in R
n (n ≥ 3), where φ 6= 1 is a smooth
positive function of p variables and ~β = (β1, . . . , βp) is a set of linear independent 1-forms. If the
difference of Cartan torsions of F¯ and F is C-reducible and
(
φ(φ+
∑
i
si φ˙i)− 1
)
(φ− 1) > 0 (20)
then F = T~β,φ1(F˜ ) and F¯ = T~β,φ2(F˜ ) with the same given
~β and some φ1 and φ2(s) = φ1(s)φ(
s
φ1(s)
),
where F˜ is Randers norm in Rn.
Proof. Let φ < 1 (the case φ > 1 is similar). Then F˜ 2 := F 2 − F¯ 2 is a positive (on Rn \ {0})
2-homogeneous function and the following equation is satisfied:
1− φ2(~β/F ) = F˜ 2/F 2. (21)
Thus, F 2 ≤ mF˜ 2, where m = min{1 − φ2(~β/F ) : F = 1} > 0, i.e., the indicatrix of F˜ belongs
to image of indicatrix of F after m-homothety. Since indicatrix of F is compact, the indicatrix of
F˜ is also compact. By conditions, F˜ has C-reducible Cartan torsion. Following [4, Theorem 2.2
(M. Matsumoto)] and Remark 3 below, we find that F˜ is Randers norm. (We exclude the case of
Kropina norm because its indicatrix is non-compact). By (21), F˜ = T~β,ψ(F ) with ψ = (1−φ2)−1/2.
By (20) (which is always satisfied when φ 6= 1 and s = ~β/F is “small” enough), we calculate that
ψ(s) satisfies (6). By Theorem 2, there exists inverse transformation F = T~β,φ1(F˜ ) for some φ1(s).
The formula for F¯ follows from Proposition 1. 
Remark 3. Take a (single) Minkowski (α, β)-norm F with a C-reducible Cartan torsion C. Extend
it to the (unique) Minkowskian structure F˜ on the whole Rn. At each point x ∈ Rn, Cartan
torsion C˜(x) equals C (up to the canonical isomorphism between Rn and TxR
n). Therefore, C˜ is
C-reducible and comes from a Randers or Kropina F˜ . Namely,
a(x)F˜ 2 + 2(βi(x) y
i)F˜ + aij(x)y
iyj = 0,
and F˜ is Randers when a(x) 6= 0, while F˜ is Kropina for a(x) = 0. In particular, F itself is of
Randers or Kropina type. Thus, result [4, Theorem 2.2 (M. Matsumoto)] is “pointwise”.
Corollary 2. Let F and F¯ = T~β,φ(F ) be Minkowski norms in R
n (n ≥ 2), where φ is a smooth pos-
itive function of p variables and ~β = (β1, . . . , βp) is a set of linear independent 1-forms. If Cartan
torsions of F¯ and F coincide and (20) is satisfied then φ(~β/F ) 6= 1, F = T~β,φ1(α) and F¯ = T~β,φ2(α)
with the same given ~β and some φ1 and φ2(s) = φ1(s)φ(
s
φ1(s)
), where α is a Euclidean norm.
Proof. By conditions, F˜ 2 := F 2 − F¯ 2 is a 2-homogeneous function with vanishing Cartan torsion.
By definition of Cartan torsion, F˜ 2 is a quadratic form on Rn. As in the proof of Theorem 3, we
show that indicatrix of F˜ is compact. Hence, the quadratic form F˜ 2 is either positive or negative
definite: F˜ 2 = ±α2, where α is a Euclidean norm in Rn. If F˜ = α then φ(~β/F ) < 1 and
1− φ2(~β/F ) = α2/F 2, (22)
and similarly for F˜ = −α. By (22), α = T~β,ψ(F ) with ψ = (1 − φ2)−1/2. By (20), function
ψ(s) satisfies (6), see the proof of Theorem 3. By Theorem 2, there exists inverse transformation
F = T~β,φ1(α) for some φ1(s). The formula for F¯ follows from Proposition 1. 
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2.2 Case of p = 1
The next proposition shows that any two Euclidean norms in Rn are equivalent. One can take
Cartesian coordinates for the first Euclidean norm such that α2(y) =
∑n
i=1(yi)
2 and the indicatrix
of the second norm is an ellipsoid given by
∑n
i=1 d
2
i (yi)
2 = 1.
Proposition 8. Any two Euclidean norms, α¯ and α, in Rn are
1∼ equivalent. Moreover, we have
α¯ = T~β,φ(α) using one transformation with
~β of length n.
Proof. By Proposition 7 (with homotheties), we can assume α(y) =
∑n
i=1(yi)
2 and α¯(y) =∑n
i=1 d
2
i (yi)
2 with all di ∈ (0, 1). Taking φ(s) =
√
1− s2 and β = (1− d21)1/2dy1, we transform the
unit sphere in (Rn, α) into the ellipsoid of axes (1/d1, 1, . . . , 1). Then, take β1 = (1−d22)1/2dy2 and
the same φ as before. Then, the corresponding (φ, β)-transformation maps the previous ellipsoid
into the one of axes (1/d1, 1/d2, 1, . . . , 1). Iteration of this procedure leads us towards the ellipsoid
of axes (1/d1, . . . , 1/dn). To show the second claim, observe that α¯
2 = α2 (1 −∑ni=1 s2i ), where
si = βi/α and βi = (1− d2i )1/2dyi. 
Proposition 9. If a Minkowski norm F in Rn can be Tβ,φ-deformed to the Euclidean norm α
then the Cartan torsion of F is semi-C-reducible.
Proof. This follows from (17) and Theorem 2. 
Example 4. Given φ(s) and 1-form β in Rn, one can study the iterations of Tβ,φ-transformation of
the space Minkn equipped with, say, the Hausdorff distance dH . These iterations define a dynamical
system in this metric space (Minkn, dH). One could try to study its dynamics: fixed or periodic
points, limit sets, etc. Let F1 = Fφ(β/F ), F2 = F1φ(β/F1) and so on. Then F2 = Fψ1(β/F ),
where ψ1(s) = φ(s)φ(
s
φ(s)) and s = β/F , see Proposition 1, and so on. Notice that
Fψk+1(β/F ) = Fk+1 = Fψk
(
β/F )φ
( β
Fψk(β/F )
)
.
The functions ψk(s) satisfy the following recurrence relation: ψk+1(s) = ψk(s)φ
(
s/ψk(s)
)
. If there
exists a positive function ψ∞ = lim k→∞ ψk then it is unique and φ(
s
ψ∞(s)
) = 1. The solution is
ψ∞ = s/s0, where φ(s0) = 1. Then F∞ = Fψ∞(β/F ) = β/s0 – the indicatrix Fk = 1 converges to
the hyperplane β = s0. The F∞-“norm” is highly singular: all the gy’s are identically zero.
For Randers deformation, with φ(s) = 1 + s, we get Fk = F + kβ, so Fk stops to be “true
Minkowski norm” for k larger than 1/F (β), and, therefore, further iterations make no sense.
For Kropina deformation, φ(s) = 1/s, we get ψk(s) = s
1−2k+1 , therefore, ψ∞(s) = 0 for s > 1,
ψ∞(1) = 1, and ψ∞(s) = +∞ for 0 < s < 1, the function is not positive.
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